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Abstract
The article treats some questions around Gromov’s filling area conjecture.
It is shown that any filling with volume < 2pi would not be attained. This
result indicates the possibility of proof strategies using classical compact-
ness arguments. The article also shows an a priori lower estimate on the
total volume via a local systolic inequality, which is of independent inter-
est. Furthermore, it is shown that one can assume that the boundaries in
a vol-infimizing sequence of fillings are geodesic and that a lower bound
for the systole holds. Finally, it is shown that any vol-infimizing sequence
of fillings within a fixed conformal structure converges in L1.
1 Introduction and results
For a Riemannian manifold (M, g), let dg denote the induced metric as a function
on M × M . For a Riemannian manifold (N, h), a orientable manifold-with-
boundary (M, g) is called a filling of (N, h) iff
• (∂M, g|T∂M⊕T∂M ) is (as a Riemannian manifold) isometric to (N, h), and
• (∂M, dg|∂M×∂M ) is (as a metric space) isometric to (N, dh).
Rephrasing the second condition, a filling of N cannot offer any shortcut for
any pair of points on N . Let F be the set1 of fillings of the one-dimensional
unit sphere S1. In 1983, M. Gromov conjectured in a seminal article [2] that
the volume of every element of F is greater or equal to 2π (the area of the
round hemisphere). Let Fm be the set of metrics on a compact orientable
surfaceMm of genus m and one open disc removed (recall that any two such are
diffeomorphic by a classical result of Rado´), then obviously inf{vol(M, g)|g ∈
F} = infm∈N infg∈Fm vol(Mm, g). In the article cited above, Gromov showed
that infg∈F0 vol(M0, g) = 2π. In 2001, S. Ivanov [3] proved the same assertion
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1This is indeed a set if we define manifolds-with-boundary by means of gluing data.
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where F0 is replaced with the set of all Finsler metrics on the disc M0. For
genus 1 the result has also been shown [1].
Here we want to contribute two aspects to the solution of the still open genus
≥ 2 part of this conjecture. The first result is that if the infimum is not attained
at the round hemisphere, then it is not attained at all:
Theorem 1 If vol attains a minimum in Fm at a C
2 Riemannian manifold
(M, g) then m = 0 and vol(M, g) = 2π.
As a consequence of the first theorem, one strategy to attack the conjecture
could be to assume that we are given a sequence in Fm whose volumes converge
to a number a < 2π and construct from it a convergent sequence whose volumes
still converge to a number b < 2π. Then an important tool would be a priori
estimates. Therefore we want to derive a lower volume estimate like in Gromov’s
article [2], 5.5A c), where the antipodal map f := −1S on S = ∂M is used to
define the projection q : M → M := M/f . If we assume genus(M) = 0, we get
that M is homeomorphic to a real projective plane, and as M ∈ F0, we know
that sys(M,p) ≥ π for every p ∈ q(∂M). But M \ q(∂M) is contractible (as
genus(M) = 0), so each noncontractible curve in M intersects q(∂M), thus
π2 ≤ inf{sys2(M,p)|p ∈ q(∂M)} = sys2(M) ≤ π
2
vol(M),
where the last inequality is Pu’s systolic inequality which, in turn, uses as an
essential ingredient conformal relatedness to a homogeneous metric over whose
isometry group the conformal factor can then be averaged, whereas it is easy to
see that for m > 1 the isometry group of a generic hyperbolic metric is empty.
Instead, we apply the following theorem, which is of independent interest. For
a Riemannian manifold (X, g), A ⊂ X and p ∈ X we denote by B(p, r, g) the
ball around p of radius r w.r.t. g and µn(A, g) the n-dimensional Hausdorff
measure, (omitting in each case the last slot where confusion is not possible),
with l := µ1 and vol := µn and define
Ω(X,A) := {c ∈ C0,1(S1, X)|c noncontractible ∧ c(S1) ∩ A 6= ∅},
sys(X,A) := inf{l(c)|c ∈ Ω(X,A)}
with sys(X, p) := sys(X, {p}) for p ∈ X .
Theorem 2 (Local systolic inequality) Let X be a two-dimensional mani-
fold and let p ∈ X. Then vol(B(p,R)) ≥ R2 for all R ∈ [0; 12 sys(X, p)].
Remark. Prop. 5.1.B of [2] reads (without explicit proof) vol(B(p, 12 sys(X, p))) ≥
1
2 sys
2(X, p), which is apparently a misprint: A counterexample is a sequence of
surfaces Xn of round spheres of radius r with some handles of total volume
< 1/n attached in a ball of radius < 1/n around some point q. Let p be
a point of distance > 2πr − 1/n from q, then sys(M,p, gn) →n→∞ 2πr and
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vol(M, gn) →n→∞ 4πr2, so vol(M,gn)sys2(M,p) →n→∞ 1π < 12 , contrary also to the other
claim vol(X) ≥ 12 sys(X, p) from the chain of inequalities in [2]. As the proof in
[2] does not yield any bound of the volume in terms of the local systole (and
as it is, other hand, difficult to derive lower volume estimates by classical Ja-
cobi estimates in the absence of any control over the injectivity radius), we will
modify Gromov’s proof via an appropriate refinement of the notions of tension
and height. The inequality vol(B(p, 12 sys(X, p))) ≥ 12 sys2(X) in the same line,
however, does follow in a straightforward manner from the rest of Prop. 5.1.B.
in [2] taking into account h(v) ≥ 2R− 12 l(∂B+(v,R)) in Gromov’s terminology
of height h (see below for a precise definition).
As a corollary, we obtain:
Theorem 3 (A-priori volume estimate for gn) g ∈ Fn ⇒ vol(g) ≥ π2/4.
Proof. Taking into account vol(M) = vol(M) and the fact that every simple
closed geodesic through p ∈ q(∂M) lifts via q to a geodesic between antipodal
points on ∂M , this follows from the fact that sys(M˜, p) ≥ π for all p ∈ q(∂M)
and from Lemma 2. ✷
Of course every vol-infimizing sequence satisfies a vol-bound from above. Fur-
thermore, for each ǫ > 0, by choosing an apropriate conformal factor on the
parts with distance > π from the boundary, we can assume a diameter bound
from above by π+ ǫ. It should be noted that we have the equivalence g ∈ Fm ⇔
sys(M, g˜, p) < π for all p ∈ q(∂M), because if there is a shortcut there is also a
shortcut between antipodal points on the boundary.
If we are interested in a proof by contradiction as sketched above, we can focus
on a fixed genus: We put v(m) := inf{vol(g)|g ∈ Fm} and m0 := min{m ∈
N|v(m) < v(0)}. Then the following proposition gives a lower bound on sys(g)
for g ∈ Fm0 :
Proposition 4 ∀g ∈ Fm0 : sys(g) > v(0)−vol(g)4π .
Furthermore, we can assume that the boundaries are geodesic:
Proposition 5 There is a vol-infimizing sequence in F with geodesic boundary.
The proposition enables us to glue two copies of a C1-approximation of each
metrics and so facilitates the application of the classical Koebe-Poioncare´ uni-
formization result, allowing for the conclusion that each metric is conformally
related to a hyperbolic metric with geodesic boundary. And in view of Propo-
sition 4 and the version of Mumford’s compactnes theorem with boundary [4]
it seems a good idea to express each metric gn ∈ Fm0 as conformal multiple
of its hyperbolic counterpart g0n with geodesic boundary as above. One can
glue two copies of (Mm, g
0
n) to each other, obtaining a hyperbolic manifold Nm
without boundary in which the boundary is mapped to a closed geodesic k. In
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the homotopy class of k there is no other closed geodesic, so k is minimal in its
homotopy group, and consequently, (Mm, g
0
n) ∈ Fm.
For the purpose of careful interpretation of the following theorem, remind that
for a Riemannian surface (M, g) and f ∈ Lp(M), there is in general no well-
defined notion of length of curves in (M, fg).
Theorem 6 For each conformal class [g], the set A := {f ∈ C0(M)|f2g0 ∈
Fm} is convex. Moreover, for any vol-infimizing sequence n 7→ f2n ·g0 ∈ Fm, the
sequence n 7→ fn converges in L2(g). In particular, each conformal class in F
contains at most one integrable vol-minimizer.
Note however that in general an infimizing sequence will not converge in C0:
For fn ∈ Fm we have hn ≥ fn ⇒ hn ∈ Fm, thus for kn ∈ C0(M, [0;∞) with
sup(kn) ≥ n and |kn|1 ≤ 1/n, the sequence n 7→ fn + kn is Im is still an
infimizing sequence in Fm but does not converge in the sup norm.
2 Proofs
In the following, all curves are assumed to be Lipschitz. We denote the n-
dimensional Hausdorff measure by µn, length of a curve c resp. volume of open
subsets w.r.t. a Riemannian metric g by volg resp. l(c, g) or vol resp. l(c), if no
confusion is possible.
Proof of Theorem 1. Let N ⊂M be a maximal Fermi (i.e., normal geodesic)
neighborhood of S in M , i.e., on ∂N \ S there is a non-regular point of the
geodesic distance dS to S, whereas dS is regular in the interior of N .
Lemma 7 There is an isometric S1-action on (N, g).
Proof of Lemma 7. In Fermi coordinates, N can be written ([0; a)×S1, dt2+
f(t, s)ds2). Each action as above must leave the geodesic distance to S invariant,
therefore such an action exists if and only if f(t, s) = f(t, u) for all t ∈ [0; a)
and all s, u ∈ S1. On N we define a sequence of metrics: For all n ∈ N, let
ψn ∈ C∞([0; a), [0; 1]) such that ψn(t) = 0 for all t ∈ [0; a − 1n ] and ψn(t) = 1
for all t ∈ [a− 12n ; a). Then we put
fn(t, s) := (1−ψn(t))
∫
S1
f(t, u)|du+ψn(t) ·f(t, s), gn(t, s) := dt2+fn(t, s)ds2.
where the integral on S1 is w.r.t. the Haar measure. Now obviously gn can
be extended to a smooth metric g˜n by g|M\N as on a neighborhood of ∂N , it
coincides with the original metric. Furthermore, g˜n ∈ Fm for all n ∈ N can
be shown via l(c, 12 (f1 + f2)g) ≥ 12 (l(c, f1g) + l(c, f2g)) for every continuous
piecewise C1 curve c, as an elementary arithmetic calculation reveals that for
all a, b, r, u ∈ R+ we get
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√
a+
1
2
(r + u)b ≥ 1
2
(
√
a+ rb+
√
a+ ub),
which we apply to a := (c′1(t))
2, b := (c′2(t))
2, r := f1(c(t)), u := f2(c(t)).
Assume that f(t0, s0) 6=
∫
S1
f(t0, s)ds for some t0 < a, s0 ∈ S1. Then for
1/n < a − t0, we get vol(M, g˜n) < vol(M, g) (by strict concavity of the square
root function) in contradiction to the assumption that g was of minimal volume
in Fn. ( ✷ )
Now let r : S1 →M be a parametrization of S = ∂M by arclength. The above
lemma on S1-symmetry implies that the curve ρτ : s 7→ expr(s)(τ · ν(r(s))) is
of constant length for all τ ∈ [0; a), and by smoothness of exp this also holds
for τ = a, so γ := ρa is of constant length. If γ is nonconstant, there is no
S-focal point in the image of γ, thus there are x, y ∈ S1 with γ(x) = γ(y) =: p.
Let c resp. k the minimal geodesic curve [0; a]→ M from r(x) resp. r(y) to p,
parametrized by arc length. Then
Lemma 8 If γ is nonconstant, then c′(a) = −k′(a).
Proof of Lemma 8. By the first variational formula for geodesics and the
minimality of a, we obtain k′(a), c′(a) ∈ (γ′(y))⊥ ∩ (γ′(x))⊥, which implies that
c′(a) and k′(a) are collinear. Uniqueness for the geodesic equation shows that
they are not identical. ( ✷ )
The last step of the proof is to realize that also the second fundamental form
(this is the point where we need C2 regularity of the metric) of ρτ is spherically
invariant, so it only depends as a function h(τ) on τ , for all τ ∈ [0; a), and then
as above smoothness of exp and r implies that also γ = ρa has a constant second
fundamental form. At p, two different branches of γ osculate each other with
the corresponding normal vectors k′(a) and c′(a) = −k′(a), thus h(a) = −h(a)
and therefore γ is a geodesic, and according to the above, the curve γ is an even
multiple of a simple closed geodesic. Therefore the closure ofN is homeomorphic
to a Klein bottle without a disc. But then N cannot be embedded into an
orientable surface, contradiction. So γ is constant, and M is homeomorphic to
a disc. ✷
Proof of Theorem 2. First, for p ∈ A ⊂ X and c, k : S1 → X noncontractible
with c(0) = p we define c ∼A k iff there is a homotopy H : I × S1 → X, c ❀ k
with H(t, s) = c(s) for all s ∈ S1 \ c−1(A) and H(t, s) ∈ A for all t ∈ c−1(A) (in
other words, the homotopy is only allowed to move the part in A and is itself
constrained to A). Then we define
tension(c, A) := sup{l(c1)|c ∼A c1},
h(p,A) := inf{tension(c, A)|c noncontractible ∧ c(0) = p}.
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For r > 0, we put h(p, r) := h(p,B(p, r)). Of course h(p, r) ≥ h(p, s) whenever
r ≥ s. Now let r < sys(X, p)/2. Then let c be a noncontractible curve of
minimal length through p, i.e. l(c) = sys(M,p). For every homotopy H from
c as in the definition of h(p, r), we have that k := H(1, ·) meets B(p, r) but
cannot be constrained to it as k is noncontractible whereas B(p, r) is. Thus
l(k) ≥ sys(X, ∂B(p, r)). Thus tension(c) ≤ sys(X, p)− sys(X, ∂B(p, r)) and
h(p, r) ≤ sys(X, p)− sys(X, ∂B(p, r)). (1)
Furthermore, we see as above that B(p, sys(X, p)/2) does not contain a noncon-
tractible curve, so any c as in the definition of sys(X, ∂B(p, r)) has to run twice
between ∂B(p, r) and ∂B(p, sys(X, p)/2), thus we get
sys(X, ∂B(p, r)) ≥ 2(1
2
sys(X, p)− r). (2)
Let r < 12 sys(X, p), then B(p, r) is contractible in X , thus for every connected
component Si of ∂B(p, r), there is a Di ⊂ X homeomorphic to a disc with
∂Di = Si, and then
B+(p, r) := B(p, r) ∪
⋃
i∈I
Di
(where I parametrizes the connected components of ∂B(p, r)) is contractible
in itself, thus homeomorphic to a disc. Note that B(p, r) ⊂ B+(p, r) whereas
∂B+(p, r) ⊂ ∂B(p, r) is homeomorphic to a one-sphere. Now let c : [0; 1] → X
be a noncontractible closed curve through p = c(0) = c(1). As B+(p, r) is
contractible, K := c−1(∂B+(p, r)) 6= ∅, so we define t± ∈ [0; 1] by t− := minK
and t+ := maxK. Let x± := c(t±), then ∂B
+(p, r)\{x+}\{x−} consists of two
connected components L1, L2 with µ1(L1) + µ1(2L) = µ1(∂B
+(p, r)), w.l.o.g.
assume l1 := µ1(L1) ≤ µ1(∂B+(p, r))) ≥ µ1(L2). Then there is a homotopy in
X from c to c˜ := c|[t
−
;t+]øk where k is a curve running along L1 (changing only
the parts in the ball), thus
tension(c) ≥ l(c)−l(c˜) = l(c|[0;t
−
])+l(c|[t+;1])−l1 ≥ 2r−l1 ≥ 2r−
1
2
l(∂B+(p, r)).
Therefore,
l(∂B+(p, r)) ≥ 4r − 2h(p, r). (3)
As d(p, ·) is a Lipschitz function with gradient of norm 1 where it is differentiable,
we finally can apply Federer’s coarea formula of geometric measure theory and
obtain
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vol(B(p,R)) =
∫ R
0
µ1(∂B(p, r))dr
≥
∫ R
0
µ1(∂B
+(p, r))dr
≥Eq.3
∫ R
0
(4r − 2h(p, r))dr
≥Eq.1
∫ R
0
(4r − sys(M,p) + sys(V, ∂B(M,p)))dr
≥Eq.2
∫ R
0
(4r − sys(M,p) + sys(M,p)− 2r)dr
= R2,
which concludes the proof. ✷
Proof of Prop. 4. Let g ∈ Fm0 with :. = v(0) − vol(g) > 0 and let c be a
noncontractible closed curve. If we cut M along c and fill the new boundary
components with two hemispheres, the so obtained manifold Mˆ has smaller
genus than M and volume vol(g) + 4πl(c), which consequently must be larger
or equal to v(0). ✷
Proof of Prop. 5. Let n 7→ gn be a vol-infimizing sequence sequence in Fm
with vol(gn) < v(m)+1/n. Then for each n ∈ N, we have a Fermi neighborhood
Un of ∂S isometric to (S
1 × [0; ǫn), dt2 + un(s, t)ds2 for s ∈ S1, t ∈ [0; ǫn].
Via the extension procedure in [5], we can smoothly extend (Un, gn) by U˜n :=
(S1× [−(an+2/n); ǫn], dt2+ uˆn(s, t)ds2 for uˆn ∈ C∞(S1× [−(an+2/n); ǫn]) with
un(s, t) ≥ 1− 1/n∀(s, t) ∈ R × [−(an + 2/n); 0] and un(s, t) = 1 − 1/n∀(s, t) ∈
R× [−(an+2/n);−an]. Then for M˜n constructed via the above isometry out of
Mn and U˜n, the boundary ∂M˜n is geodesic, and every possible shortcut betwen
two points on ∂M˜n would have to meet ∂Mn at two points, still being a shortcut
for those, thus M˜n ∈ Fm for all n. Furthermore, as we can choose an as small
as desired, the increase in volume can be chosen smaller than 3/n. ✷
Proof of Theorem 6. Convexity is readily shown: For f1, f2 ∈ Fm and
α ∈ [0; 1], then for any curve c in M we get l(αf1+(1−α)f2)2g(c) = αlf1(c) + (1−
α)lf2(c) and ((αf1 +(1−α)f2)2g0|∂M = f1g|∂M , thus (αf1+(1−α)f2)g ∈ Fm.
The second assertion follows from a standard convexity argument. Let ǫ > 0
and let u,w ∈ C0(M) with ∫(M,g) u2, ∫(M,g) w2 ≤ (1 + ǫ)v(m). Then from
v(m) ≤ | 12 (u+ w)|2 = 14 (|u|2 + |w|2 + 〈u,w〉) we conclude
|u− w|2 = |u|2 + |w|2 − 2〈w, u〉 ≤ 2(|u|2 + |w|2)− 4 ≤ 4(1 + ǫ)2 − 4
= 8ǫ+ 4ǫ2 →ǫ→0 0,
which concludes the proof. ✷
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